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Abstract
Photons propagating in curved spacetime may, depending on their direction and polari-
sation, have velocities exceeding the “speed of light” c. This phenomenon arises through
vacuum polarisation in QED and is a tidal gravitational effect depending on the local
curvature. It implies that the Principle of Equivalence does not hold for interacting quan-
tum field theories in curved spacetime and reflects a quantum violation of local Lorentz
invariance. These results are illustrated for the propagation of photons in the Reissner-
Nordstro¨m spacetime characterising a charged black hole. A general analysis of electro-
magnetic as well as gravitational birefringence is presented.
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1. Introduction
Photons propagating in certain curved spacetime backgrounds may, depending on
their direction and polarisation, have velocities exceeding the “speed of light” c. This
is a quantum phenomenon induced by vacuum polarisation in quantum electrodynamics
(QED). It is a tidal gravitational effect depending explicitly on the local curvature. The
Principle of Equivalence does not hold for QED in curved spacetime.
These remarkable results were discovered by Drummond and Hathrell in 1980 [1].
They considered the effect of one-loop vacuum polarisation on photon propagation in de
Sitter, Schwarzschild, Robertson-Walker and gravitational wave spacetimes. In each case
except de Sitter, for which the curvature is totally isotropic, they identified directions and
polarisations for which the photon velocity was faster than c.
In this paper, we extend these results to an arbitrary (but slowly varying) back-
ground of electromagnetic and gravitational fields, which enables us to discuss the Reissner-
Nordstro¨m spacetime. Our results therefore describe photon propagation around a charged
black hole. We find three classes of contributions to the photon velocity: (a) the basic
gravitational effect identical to the Schwarzschild case, (b) the indirect effect of the charge
through its modification of the gravitational field, and (c) the contribution of the elec-
tromagnetic field itself. The sign of the electromagnetic contribution is always such as
to reduce the photon velocity, while the gravitational effect may increase the velocity for
certain directions and polarisations. The most striking case is orbital (i.e. φ) directed
photon propagation, where the velocities of the radial and tangential (i.e. θ) polarisation
states are
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respectively. For radial photon propagation, the velocity is always c. Here, Q and M
are the charge and mass of the black hole, m is the electron mass and α is the fine
structure constant. We have parametrised the result in terms of the accretion limit charge∗
Q0 = Mm/α
1
2 . For black holes with charge Q ≃ Q0, the indirect type (b) gravitational
effect of the charge (the second terms in eq.(1.1) ) is suppressed by an inverse power of
the (squared) electron charge to mass ratio, where α/m2 ≃ 1042. The direct gravitational
and electromagnetic effects are then of the same order, the relative size depending on the
radial distance r from the centre of the black hole. Notice that for Q ≤ Q0, propagation
at the horizon r ≃ 2M in the orbital direction is superluminal.
The physical origin of this phenomenon is relatively clear[1]. In picturesque terms,
vacuum polarisation in QED allows the photon to exist as a virtual e+e− pair, thereby
acquiring an effective size of O(λc), where λc = m
−1 is the Compton wavelength of the
∗ We use dimensionless units where G = h¯ = c = ǫ0 = 1 throughout.
1
electron. In an anisotropic gravitational field∗, the photon is therefore sensitive to the
curvature and its characteristics of propagation may differ from those in flat space. The
polarisation dependence (gravitational birefringence[1]) reflects the anisotropy of the back-
ground field.
Since superluminal propagation is clearly a delicate issue, we should be perfectly clear
what is being described. We find that in a local inertial frame at a given point in spacetime
the photon momentum ka satisfies the light-cone condition
(
ηab + ασab
)
kakb = 0, (1.2)
where ηab is the Minkowski metric and ασab is the one-loop vacuum polarisation correction,
which depends on the Riemann curvature tensor at the given point. In the Drummond-
Hathrell calculation[1], σab is of O
(
(λc/L)
2
)
, where L is the curvature scale. In familiar
quantum field theoretic terms, the pole in the photon propagator in the local Lorentz frame
is shifted from k2 = 0 to k2 + ασabk
akb = 0.
The condition (1.2) is not Lorentz invariant, since it depends explicitly on the local
curvature. As noted in ref.[1], this is the key observation which permits propagation
according to eq.(1.2) without leading to the classic paradoxes associated with superluminal
propagation in special relativity. Patching together local Lorentz frames to cover the
manifold, we find, in contrast to the Principle of Equivalence, that photons do not in
general follow spacetime geodesics (even to the extent to which it is possible to describe
particle trajectories in quantum theory).
We shall discuss the issues and potential paradoxes raised by these calculations in
a little more detail in sect. 4. For the moment, we simply emphasise the generality of
the phenomenon. Any interacting quantum field theory (presumably with the exception
of conformal field theories) necessarily involves a scale which will enter the propagators
through vacuum polarisation. In turn, this means that the theory is sensitive at the quan-
tum level to tidal gravitational effects depending on the local curvature. Local Lorentz
invariance is therefore lost at the quantum level. In formal terms, this can presumably be
viewed as an anomaly in local Lorentz invariance. The Principle of Equivalence, which de-
pends for its usual formulation on the existence of point particles, is therefore inapplicable
to the motion of real elementary particles in quantum field theory∗∗. Its content reduces
simply to the statement that the curved spacetime admits everywhere a local Minkowski
tangent space.
The paper is arranged as follows. In sect. 2, we describe the effective action for
QED in an arbitrary background gravitational and electromagnetic field and, following
the techniques of ref.[1], derive the equation of motion governing photon propagation.
∗ In this paper, as in ref.[1], we are only able to make explicit calculations in the case of slowly varying
background fields. It is therefore the anisotropy rather than the inhomogeneity of the gravitational (or
electromagnetic) field which is responsible for the effects found here. For rapidly varying, inhomogeneous
fields similar corrections are expected, depending on derivatives of the curvature.
∗∗ Similar observations on the limits of the equivalence principle in string theory have been made recently
by Mende[2]. As we see here, however, it is not necessary to go beyond quantum field theory to encounter
the limits of the point particle concept.
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Special emphasis is placed on identifying the expansion parameters and approximations
used since, as we discuss in sect. 4, fundamental questions of principle concerning the
observability of this phenomenon depend critically on the parameter range of validity of
the calculation.
In sect. 3, we consider the special case of the Reissner-Nordstro¨m spacetime, which
describes (the exterior of) a charged black hole, and derive the light-cone condition (1.2)
appropriate to different directions and polarisations of photon propagation. The essential
results are described above.
The phenomenon of electromagnetic birefringence (polarisation dependence of the
photon velocity in a background electromagnetic field) has been demonstrated by Adler[3]
for the case of a constant magnetic field. In that case, the photon velocities corresponding
to both transverse polarisations are found to be less than c. In appendix A, we show using
our formalism that this result remains true for an arbitrary anisotropic electromagnetic
background (although we are still forced to assume only weak inhomogeneity). Superlu-
minal propagation is a special feature of gravity.
Finally, in sect. 4, we describe briefly why the causal paradoxes normally associated
with faster than light propagation in special relativity are avoided by the tidal nature of
the modification (1.2) of the light cone. We discuss the question of whether this superlu-
minal propagation is in principle observable and assess the possibilities of answering some
of the conceptual questions surrounding this effect by extending the derivation to short
wavelength photons with λ≪ λc.
Following the original paper of Drummond and Hathrell[1] there have been surprisingly
few papers in the literature developing this topic. The essential results of ref.[1] were
rapidly generalised to neutrinos in a Friedmann metric by Ohkuwa[4]. Some questions
were raised concerning the validity the superluminal propagation and the compatibility
with a dispersion relation (see sect. 4) by Dolgov and Khriplovich[5]. An analogous effect,
superluminal propagation in a flat spacetime with boundaries, has been investigated by
Scharnhorst[6] and Barton[7,8] who encounter the same conceptual and interpretational
questions raised by the curved spacetime effect. Quantum field theory, in particular the
Hawking effect, in Reissner-Nordstro¨m spacetime has been investigated independently of
the question of photon propagation by Gibbons[9].
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2. Effective Action and Photon Propagation
The description of photon propagation given here is based on the one-loop effective
action for QED in a background gravitational and electromagnetic field. This can be
calculated using, e.g., heat kernel techniques as an expansion in powers of the background
field curvatures, i.e. the Riemann tensor Rµνστ and the electromagnetic field strength Fµν .
Since the derivation is well-documented elsewhere ([1] and references therein), we simply
quote the first few terms in the expansion which are relevant to photon propagation, viz.
Γ = − 1
4
∫
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+
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∫
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where
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z = − 5
180
α2 y =
14
180
α2 (2.2)
Of course there are further terms of O(R2) and O(R3) independent of the electromagnetic
field strength but these do not play any roˆle in our analysis.
Eq.(2.1) should be viewed as giving the one-loop, i.e. O(α), quantum corrections to
the quadratic F 2 action as an expansion both in powers of R/m2 and αF 2/m4. (Here,
‘R’ and ‘F ’ denote generic curvature and field strength terms.) For a Reissner-Nordstro¨m
black hole of mass M and charge Q, these expansion parameters are 1
(Mm)2
(
2M
r
)3
and
1
(Mm)2
(
Q
Q0
)2(
2M
r
)4
respectively (cf. eq.(1.1)). So, at the horizon and for a charge equal
to the accretion limit
(
αQ20 = m
2M2
)
, both the expansion parameters reduce simply to
(Mm)−2.
The parameter Mm controls the nature of the black hole. For Mm ≫ 1, it is essen-
tially a classical, general relativistic object and quantum effects such as we are discussing
here are strongly suppressed by powers of (Mm)−2 = O
(
(λc/L)
2
)
. On the other hand, for
Mm ≃ 1, quantum effects are important and phenomena such as black hole evaporation are
significant. In particular, for small Mm, the Hawking temperature TH = 1/(8πM) > m
and electrons may be produced as Hawking radiation.
Since the Reissner-Nordstro¨m solution has an electric field, e+e− pair creation will
occur. The rate of production, first calculated by Schwinger[10], is suppressed (at r ≃ 2M)
by an exponential factor exp−(Mm(Q/Q0)). Again, we see that for Q ≃ Q0 the relevant
4
parameter isMm and that for Mm≫ 1, pair creation is srongly suppressed. For Q≫ Q0,
the regime in which the effect of the charge on the gravitational field becomes significant,
the black hole would normally lose charge rapidly through pair creation.
This double expansion is typical of quantum field theory calculations in a background
field or at finite temperature, density etc. The general form of the perturbation expansion
in the coupling constant is f0(s) + αf1(s) + α
2f2(s) + . . . , where fi(s) are functions of
a dimensionless parameter s defined as the ratio of the background scale to a physical
mass in the quantum theory. Here, s = R/m2 or αF 2/m4, whereas, for example, in
calculations of the finite temperature effective action in electroweak theories (see, e.g.,
ref.[11]) s = T/mW . Critical behaviour, such as phase transitions, occurs generally when
this parameter s is of O(1). However, in many cases, the present calculation being in
this category, the best we can do is give an expansion of the coefficient functions fi(s)
for small and/or large s (for example, the low and high temperature expansions of the
effective potential). We emphasise that the restriction here to weak curvature λc ≪ L
is purely technical, arising from our ability to calculate the effective action. For strong
curvatures of the order of the elementary particle masses, the phenomena described here
will be enhanced, becoming ordinary O(α) quantum effects.
There is a further expansion inherent in eq.(2.1) in the number of derivatives acting
on the electromagnetic field strength. This is related to the dependence of the photon
propagation on its wavelength λ and is discussed carefully below.
At this point, we could in principle compute the photon propagator from the effective
action (2.1) and derive the modified light-cone condition (1.2) directly. However, it is
in practice much simpler to follow the method of ref.[1] and compute the equation of
motion for the electromagnetic field corresponding to the photon in the geometric optics
approximation.
The equation of motion of the electromagnetic field,
δΓ
δAν
= 0, (2.3)
becomes
DµF
µν +
1
m2
[
4a
(
FµνDµR +RDµF
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)
+ 2b
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F σνDµR
µ
σ +R
µ
σDµF
σν − F σµDµRνσ −RνσDµF σµ
)
+ 4c
(
F στDµR
µν
στ +R
µν
στDµF
στ
)
+ 2d
(
D2DσF
σν −DµDνDσF σµ
) ]
+
1
m4
[
−8z
(
F στFστDµF
µν + 2FµνFστDµF
στ
)
− 8y
(
F ντFστDµF
µσ + FµσFστDµF
ντ + FµσF ντDµFστ
) ]
= 0 (2.4)
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To study the motion of a photon, we now write
Fµν = F¯µν + fˆµν , (2.5)
where F¯µν is the background electromagnetic field satisfying δΓ/δA
∣∣
F¯
= 0, and linearise in
fˆµν . To leading order in α, we can simply take F¯ and the curvature to be the solutions of
the classical field equations. The “back reaction” on the metric is a higher order correction
to the results we find here. The characteristics of the photon propagation are then given
by the geometric optics approximation where we set
fˆµν = fµνe
iθ, (2.6)
where fµν is a slowly varying amplitude and θ the rapidly varying phase, with kµ = Dµθ
corresponding to the photon momentum.
The electromagnetic Bianchi identity
DλFµν + DµFνλ + DνFλµ = 0 (2.7)
applied to eq.(2.5) implies
kλfµν + kµfνλ + kνfλµ = 0 (2.8)
and so
fµν = kµaν − kνaµ. (2.9)
The field strength fµν therefore has just three independent components. The vector aµ
gives the direction of polarisation of the photon.
The “photon equation of motion” is now found by substituting (2.5) and (2.6) into
eq.(2.4). Imposing several simplifying approximations, we find
kµf
µν +
1
m2
[
2bRµσkµf
σν + 4cRµνστkµf
στ
]
+
1
m4
[
−16zF¯µν F¯στkµfστ − 8y
(
F¯µσF¯στkµf
ντ + F¯µσF¯ ντkµfστ
) ]
= 0. (2.10)
The dominant quantum corrections to the photon propagation are of O
(
α(λc/L)
2
)
from the curvature terms and O
(
α(αF¯ 2/m4)
)
from the electromagnetic terms. The ap-
proximations are:
(i) Assuming the background gravitational and electromagnetic fields vary with the typical
curvature scale L, terms involving DλRµν , DλF¯µν etc. are suppressed relative to the
leading correction by O
(
λ/L
)
, where λ is the photon wavelength.
(ii) Terms with derivatives acting on fµν are suppressed by O
(
λ/LA
)
, where LA is the
scale of variation of the “photon” amplitude. This is the standard leading-order geometric
optics approximation.
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(iii) Terms involving DµF
µν within the square brackets in eq.(2.4) simply give O(α)
corrections to the kµf
µν term in eq.(2.10) and can be omitted provided QED perturbation
theory is reliable.
The final approximation we have made is to neglect the series of terms in the effective
action involving successively higher powers of derivatives compensated by inverse powers of
mass, i.e., symbolically,
∑
p
(
R/m2
)(
Dp/mp
)
F 2 terms. This is valid provided the photon
wavelength is large compared to the electron Compton wavelength, i.e. λc ≪ λ. As we
discuss later, this is a restriction we would like to circumvent and indeed recent develop-
ments[12] in the heat kernel technique for calculating the effective action may make this
possible.
For the moment, however, combining these approximations we see that our results
will be valid provided λc ≪ λ ≪ L. Since the dominant quantum effect is O
(
α(λc/L)
2
)
,
it is necessarily small.
The geometric optics approximation (ii) also deserves further scrutiny since, as noted
by Dolgov and Khriplovich[5], the classical motion of a localised wave packet is subject to
tidal forces producing O(λ/L)2 corrections to the phase and group velocities which could
dominate the quantum effect on the photon velocity calculated here. However, to decide
whether this is relevant to the full quantum theory would require recasting our discussion
in terms of the curved space photon propagator and we leave this for further work.
To solve eq.(2.10), we use the following general method[1]. Multiplying by kλ, anti-
symmetrising on λ and ν, and using the Bianchi identity gives
k2fλν − 2k[λ{. . .}ν] = 0, (2.11)
where {. . .} denotes the square bracket terms in eq.(2.10). These are a set of linear equa-
tions for the components of fλν , with coefficients of O
(
k2
)
.
Now introduce a local Lorentz frame via the vierbeins eaµ, a = 0, 1, 2, 3, so that
gµν = ηabe
a
µe
b
ν , (2.12)
where ηab = diag(−1, 1, 1, 1). In this frame, eq.(2.11) becomes a set of linear equations for
the field strength components fab = kaab− kbaa, where the directions of aa determine the
polarisation.
It is useful to introduce the following notation for the antisymmetric combination of
vierbeins,
Uabµν = e
a
µe
b
ν − ebµeaν . (2.13)
Contracting the field tensor fλν with Uabµν projects the Lorentz components, i.e. f
ab =
(1/2)fµνUabµν . The appropriate choice of a linearly independent set of three components
will depend on the specific background considered. For example, contracting eq.(2.11) with
U01µν , U
02
µν and U
23
µν provides a set of three linearly independent equations for f
01, f02 and
f23. Writing these equations in matrix form, the eigenvalues give the light-cone conditions
(1.2) on the photon momentum while the eigenvectors determine the polarisations.
In the following section we carry through this programme for the Reissner-Nordstro¨m
metric characterising a charged black hole. Appendix A contains the analogous discussion
for a general anisotropic electromagnetic background.
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3. Photon Propagation in Reissner-Nordstro¨m Spacetime
The Reissner-Nordstro¨m metric is an exact classical solution of the coupled Einstein-
Maxwell equations. The exterior region beyond the horizon describes the gravitational and
electromagnetic fields of a charged black hole.
The Einstein-Maxwell equations are
Rµν − 1
2
Rgµν = 8πTµν , (3.1)
where the electromagnetic energy-momentum tensor is
Tµν = FµσF
σ
ν − 1
4
gµνFστF
στ , (3.2)
and
DµF
µν = 0. (3.3)
The Reissner-Nordstro¨m metric in standard Schwarzschild coordinates is[13]
ds2 = −V (r)2dt2 + V (r)−2dr2 + r2(dθ2 + sin2 θdφ2), (3.4)
where
V (r) = 1− 2M
r
+
Q2
4πr2
. (3.5)
There is an event horizon at r+ = M
(
1 +
√
1− Q2
4piM2
)
. For a charge Q ≃ Q0, r+ is
extremely close to the Schwarzschild radius 2M .
A local Lorentz frame can be defined with vierbeins
eaµ = diag
(
V (r), V (r)
−1
, r, r sin θ
)
(3.6)
and a basis of 1-forms ea = eaµdx
µ orthonormal w.r.t. ηab. The connection is found from
the torsion-free Cartan equation
dea + ωab ∧ eb = 0 (3.7)
and the curvature 2-form Rab ≡ 12Rabcdec ∧ ed from
Rab = dω
a
b + ω
a
c ∧ ωcd. (3.8)
The non-zero components of the curvature tensor are
R0101 = −
(
V V ′′ + V ′
2)
R0202 = R
0
303 = R
1
212 = R
1
313 = −1
r
V V ′
R2323 =
1
r3
(
1− V 2) (3.9)
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plus other components related to these by standard symmetries. The Riemann curvature
can therefore be expressed as
Rµνστ = − (A−B)
(
gµσgντ − gµτgνσ
)
− (3A− 4B)U01µνU01στ + (3A− 2B)U23µνU23στ , (3.10)
where
A =
M
r3
, B =
1
4π
Q2
r4
. (3.11)
The electromagnetic field strength is
Fµν = − 1
4π
Q
r2
U01µν , (3.12)
describing a radial electric field.
Now consider the equation of motion for photon propagation. To simplify notation,
define
ℓν = k
µU01µν , nν = k
µU02µν , mν = k
µU23µν . (3.13)
Now contract eq.(2.11) successively with U01λν , U
02
λν and U
23
λν (or, equivalently, contract
eq.(2.10) with ℓν , nν and mν). This gives the following system of linear equations
∗,

 k
2 + (α+ β + δ + 2ǫ)ℓ2 0 γℓ.m
(β + δ + ǫ)ℓ.n k2 + (α+ ǫ)ℓ2 γm.n
(β + δ + ǫ)ℓ.m 0 k2 + (α+ ǫ)ℓ2 + γm2



 f
01
f02
f23

 = 0,
(3.14)
where
α =
4b
m2
B β = − 8c
m2
(3A− 4B) γ = 8c
m2
(3A− 2B)
δ = −32z
m4
1
4π
B ǫ = − 8y
m4
1
4π
B. (3.15)
In terms of Lorentz frame components, ℓ2 = k0k0 − k1k1, n2 = k0k0 − k2k2, m2 =
k2k2 + k3k3 and ℓ.m = 0, ℓ.n = −k1k2, m.n = −k0k3. Notice that ℓ.m = 0 in eq.(3.14).
∗ In fact, the k2 terms in the diagonal entries are all multiplied by a factor
[
1+ 2bB
m2
−
8c(A−B)
m2
]
, but
this merely gives a higher order correction of O(α2) in the light-cone condition and must be dropped for
consistency.
The following formulae, derived using the Bianchi identity, are useful in simplifying these equations:
kµℓνf
µν = k2f01 kµnνf
µν = k2f02 kµmνf
µν = k2f23
ℓνℓ
τU01τσf
σν = −ℓ2f01 nνℓ
τU01τσf
σν = −ℓ2f02 mνℓ
τU01τσf
σν = −ℓ2f23
ℓνℓσU
01
ντ f
στ = ℓ2f01 nνℓσU
01
ντ f
στ = ℓ.nf01 mνℓσU
01
ντ f
στ = ℓ.mf01
9
Setting the determinant to zero in eq.(3.14) gives the condition
(
k2 + (α+ β + δ + 2ǫ)ℓ2
) (
k2 + (α+ ǫ)ℓ2 + γm2
) (
k2 + (α+ ǫ)ℓ2
)
= 0. (3.16)
So we have in general three roots, viz.
(i) k2 + (α+ β + δ + 2ǫ)ℓ2 = 0,
corresponding to fab ∝
(
kaℓb − kbℓa
)
(ii) k2 + (α+ ǫ)ℓ2 + γm2 = 0,
corresponding to fab ∝
(
kamb − kbma
)
(iii) k2 + (α+ ǫ)ℓ2 = 0,
corresponding to fab ∝
(
kaab − kaab
)
, where aa = m
2ℓ.mℓa + ℓ
2m.nma − ℓ2m2na.
These three roots are the generalised light-cone conditions anticipated in sect. 1. To
understand their implications, it is simplest to consider two special cases:
(a) Radial photon motion:
Set k2 = k3 = 0. The solution (i) just produces an overall factor multiplying ηabk
akb, i.e.
(
1− (α+ β + δ + 2ǫ))(−k0k0 + k1k1) = 0. (3.17)
So the light cone is unchanged and the photon velocity
∣∣k0/k1∣∣ = 1.
The solutions (ii) and (iii) are degenerate and also give
∣∣k0/k1∣∣ = 1. We therefore find
that for radial photon motion there is no change in the light cone or the photon velocity
for either physical polarisation.
(b) Orbital photon motion:
Now set k1 = k2 = 0 and consider photon propagation in the orbital (φ) direction k3 6= 0.
(i) The first root gives the modified light cone
−(1− (α+ β + δ + 2ǫ))k0k0 + k3k3 = 0, (3.18)
i.e. a photon velocity ∣∣∣k0
k3
∣∣∣ = 1 + 1
2
(α+ β + δ + 2ǫ), (3.19)
corresponding to radial polarisation, i.e. aa ∝ δa1.
(ii) The second root gives a light cone
−(1− (α+ ǫ))k0k0 + (1 + γ)k3k3 = 0, (3.20)
i.e. ∣∣∣k0
k3
∣∣∣ = 1 + 1
2
(α+ γ + ǫ), (3.21)
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corresponding to the other transverse polarisation, aa ∝ δa2.
(iii) The third root, giving
∣∣k0/k3∣∣ = 1 + 1
2
(α + ǫ), corresponds to the unphysical photon
polarisation aa ∝ (k1δa0 − k0δa1).
Substituting back using eqs.(3.15) and (2.2), we therefore find
∣∣∣k0
k3
∣∣∣
r pol
= 1 +
1
30
α
π
A
m2
+
1
36
α
π
B
m2
− 2
45
α
π
αB
m4
(3.22)
and ∣∣∣k0
k3
∣∣∣
θ pol
= 1− 1
30
α
π
A
m2
+
13
180
α
π
B
m2
− 7
90
α
π
αB
m4
. (3.23)
These are the results quoted in the introduction, eq.(1.1). The three correction terms
correspond respectively to the gravitational contribution identical to the Schwarzschild
case, the indirect effect of the charge via its induced gravitational field and the direct
electromagnetic contribution. The latter is always negative – the electromagnetic field
reduces the velocity of both photon polarisations (see Appx. A). The induced gravitational
contribution in this case is positive for both polarisations. However, as described earlier,
this is hugely suppressed by an inverse power of α/m2 relative to the direct electromagnetic
effect.
The remarkable feature of eqs.(3.22) and (3.23) is the opposite sign of the gravitational
contribution for the two different polarisation states. This was the result discovered in
ref.[1]. It can be traced back to the anisotropy in the curvature tensor, in particular the
relative sign of the U01µνU
01
στ and U
23
µνU
23
στ terms in eq.(3.10).
The question of whether photon propagation is or is not superluminal in the Reissner-
Nordstro¨m metric therefore depends on the relative magnitude of the corrections 130
α
pi
A
m2
and − 245 αpi αBm4 in eq.(3.22). This is best phrased in the parametrisation of eq.(1.1) – super-
luminal propagation requires
r
2M
>
2
3
( Q
Q0
)2
, (3.27)
which is satisfied everywhere outside the horizon for charges less than the accretion limit,
Q < Q0.
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4. Discussion
In this paper, we have shown how photon propagation is modified in the Reissner-
Nordstro¨m spacetime by vacuum polarisation effects depending on the anisotropy of the
background gravitational and electromagnetic fields. The gravitational field may either
increase or decrease the photon velocity from c depending on its direction and polarisa-
tion, whereas the electromagnetic field always reduces the velocity. For black hole charges
approximately equal to the accretion limit, there is a balance between the two correc-
tions with superluminal propagation possible for orbital directed photons at or outside the
horizon.
The fundamental questions, however, remain those confronted by Drummond and
Hathrell in their original paper[1]. The most serious is the question of whether a spacelike
photon momentum given by the light-cone condition (1.2) necessarily involves a causal
paradox, i.e. the possibility of a spatially closed motion backwards in time. As empha-
sised in ref.[1], two conditions have to be met to establish a violation of causality in the
usual context of special relativity, viz. the existence of signal propagation with spacelike
momentum and Lorentz invariance. Briefly, the argument is as follows. Suppose A sends
a spacelike signal to B. To establish a causal paradox, B must be able to return a signal
to the past world line of A, which requires a signal backwards in time in this frame. Now,
since the first signal A → B is spacelike, it is possible to find a new frame in which it is
indeed backwards in time. However, in order to conclude from this that a signal B → A
can be sent which is backwards in time in the original frame, we must assume Lorentz in-
variance. This final assumption is not valid in our context, since eq.(1.2) determining the
nature of the signal propagation is a frame-dependent, Lorentz non-invariant condition.
Another crucial issue is whether the phenomenon of “faster than light” propagation is
observable, even in principle. The essential point here[1] is that since the maximum time
available in the curved spacetime over which to measure a signal is ordinarily of O(L),
any length discrepancy due to the corrections to the photon velocity is roughly of order
δs ∼ Lδv ∼ αλc
L
λc ≪ λc. But the photon wavelength λ is restricted in our calculation to
be much greater than λc, so it is not at all clear how this distance δs can be resolved. We
are therefore forced to conclude that a direct measurement of superluminal propagation
may be impossible in the parameter range λc ≪ λ≪ L.
This gives added motivation to try and extend the analysis of photon propagation to
the short wavelength regime λ ≪ λc and/or to the strong curvature regime L ≃ λc. In
terms of the effective action, relaxing the restriction L ≫ λc would involve summing the
series of higher powers in the curvature, i.e. terms of the form
∑
p
(
Rp/m2p
)
F 2. Unfor-
tunately, this seems to be beyond all known techniques, except perhaps for very special
symmetric spaces. On the other hand, relaxing the condition λ ≫ λc requires summing
terms of the type
∑
p
(
R/m2
)(
Dp/mp
)
F 2. This resummation has been discussed in a re-
cent paper on the heat kernel derivation of the effective action by Barvinsky et al.[12] (see
also refs.[14]). We are currently investigating whether these results enable us to describe
photon propagation for arbitrary λ.
Opinions in the literature[1,4-8] are divided as to whether the photon velocity for
the superluminal polarisations would increase or decrease as λ becomes small. Based
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on a preliminary analysis of ref.[12] or a consideration of the large external momentum
behaviour of the appropriate Feynman diagrams for vacuum polarisation, we tend to the
view that for small photon wavelengths, the roˆle of the electron mass is taken over by the
photon momentum so that the velocity correction for the parameter range λ ≪ λc ≪ L
is of O
(
α(λ/L)2
)
. All polarisations would therefore travel with velocity equal to c in the
limit λ → 0. The objection to this scenario is that it requires the absorptive part in
the usual dispersion relation for the refractive index to be negative for the superluminal
polarisations while remaining conventionally positive for the subluminal polarisation states.
Such admittedly unconventional behaviour does not, however, appear to us to be ruled out
although we cannot at present give a mechanism to understand to it. In any case, the issue
should be settled by an explicit calculation.
Finally, we emphasise again what we see as ultimately the most important aspect of
this phenomenon, viz. the violation of local Lorentz invariance by the tidal gravitational
effects arising through vacuum polarisation in an interacting quantum field theory. Such
a fundamental result must surely have far-reaching implications for quantum gravity.
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Appendix A. Electromagnetic Birefringence
We show here how to calculate the velocity of light in an arbitrary anisotropic (but only
weakly inhomogeneous) electromagnetic field in flat spacetime. This generalises Adler’s
original calculation of electromagnetic birefringence[3]. From the perspective of this paper,
it is interesting to consider this general case in order to check that the resulting photon
velocity is always less than c independent of the polarisation, despite the background field
anisotropy. This confirms that the “faster than light” phenomenon is a gravitational effect.
We use the same techniques described in sects. 2 and 3. The relevant effective action is
the familiar Euler-Heisenberg expression, viz. eq.(2.1) without the curvature terms. In the
geometric optics approximation, the “photon equation of motion” (cf. eq.(2.10)) is simply
kaf
ab +
1
2
δF abFcdkaf
cd + ǫ
(
F acFcdkaf
bd + F acF bdkafcd
)
= 0, (A.1)
where here we define
δ = −32z
m4
ǫ = − 8y
m4
. (A.2)
The background electromagnetic field is
Fcd =


0 −E1 −E2 −E3
E1 0 B3 −B2
E2 −B3 0 B1
E3 B2 −B1 0

 , (A.3)
that is,
Fcd = −E1U01cd − E2U02cd −E3U03cd +B3U12cd −B2U13cd +B1U23cd , (A.4)
where in analogy to eq.(2.13) we have defined
Uabcd = δ
a
c δ
b
d − δbcδad . (A.5)
From the Bianchi identity, we have
fab = kaab − kbaa. (A.6)
This shows that for given ka, only three of the fab are independent. We take these to be
f01, f02 and f03 and express the others as
f23 =
1
k0
(
k2f03 − k3f02)
f13 =
1
k0
(
k1f03 − k3f01)
f12 =
1
k0
(
k1f02 − k2f01). (A.7)
We also define
ℓd = k
cU01cd nd = k
cU02cd pd = k
cU03cd . (A.8)
14
Again, the other possibilities are not independent:
md = k
cU23cd =
1
k0
(
k2pd − k3nd
)
qd = k
cU13cd =
1
k0
(
k1pd − k3ℓd
)
rd = k
cU12cd =
1
k0
(
k1nd − k2ℓd
)
. (A.9)
We therefore find the following useful formulae:
−1
2
Fabf
ab = E˜1f
01 + E˜2f
02 + E˜3f
03 (A.10)
and
−Fabka = E˜1ℓb + E˜2nb + E˜3pb, (A.11)
where
E˜1 = E1 − k
3
k0
B2 +
k2
k0
B3, (A.12)
etc., together with
fabℓa = −kbf01 fabna = −kbf02 fabpa = −kbf03, (A.13)
which follow from the Bianchi identity.
With these preliminaries, a straightforward calculation along the lines of sect. 3 shows
that the equation of motion (A.1) for fab reduces to the following matrix equation for the
independent components f01, f02 and f03:

 k
2 + (δ + ǫ)E˜1(. . .) + ǫX (δ + ǫ)E˜2(. . .) (δ + ǫ)E˜3(. . .)
(δ + ǫ)E˜1[. . .] k
2 + (δ + ǫ)E˜2[. . .] + ǫX (δ + ǫ)E˜3[. . .]
(δ + ǫ)E˜1{. . .} (δ + ǫ)E˜2{. . .} k2 + (δ + ǫ)E˜3{. . .}+ ǫX



 f
01
f02
f03


= 0, (A.14)
where
(. . .) = E˜1ℓ
2 + E˜2ℓ.n+ E˜3ℓ.p
[. . .] = E˜1ℓ.n+ E˜2n
2 + E˜3n.p
{. . .} = E˜1ℓ.p+ E˜2n.p+ E˜3p2 (A.15)
and
X = E˜1(. . .) + E˜2[. . .] + E˜3{. . .}
=
(
k0E3 − k2B1 + k1B2
)2
+
(
k0E2 − k1B3 + k3B1
)2
+
(
k0E1 − k3B2 + k2B3
)2 − (k1E1 + k2E2 + k3E3)2. (A.16)
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Setting the determinant to zero, we find the following equation analogous to eq.(3.16):
(
k2 + ǫX
)2(
k2 + (δ + 2ǫ)X
)
= 0. (A.17)
There are two coincident roots, corresponding to the modified light cone
k2 + ǫX = 0 (A.18)
and one other corresponding to
k2 + (δ + 2ǫ)X = 0. (A.19)
To analyse the light velocities, we can now with no loss of generality choose a specific
direction of photon propagation, say k1 = k2 = 0 with k0, k3 6= 0. A further short
calculation now shows that the photon velocities corresponding to the two distinct roots
(A.18) and (A.19) are
∣∣∣k0
k3
∣∣∣ = 1 + 1
2
ǫ
[(
E1 −B2
)2
+
(
E2 +B1
)2]
(A.20)
and ∣∣∣k0
k3
∣∣∣ = 1 + 1
2
(δ + 2ǫ)
[(
E1 −B2
)2
+
(
E2 +B1
)2]
, (A.21)
the only difference being the coefficients.
The important observation is that the dependence on the background electric and
magnetic fields takes the form of a sum of two perfect squares and is therefore always
positive. Since both the coefficients ǫ and δ+2ǫ from the Euler-Heisenberg effective action
are negative, we find that the photon velocity for an arbitrary anisotropic electromagnetic
background field is always less than c.
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